Schweizerische Eidgenossenschaft Federal Department of Home Affairs FDHA

9 Confédération suisse Federal Office of Meteorology and Climatology MeteoSwiss
Confederazione Svizzera
Confederaziun svizra

Swiss Confederation

oh & &
o % o
< db
&
b 4 ¢ o
& < G o % s %#
%% T T I S # # & # % b # % % o
Lodh b &b db b # ¢ # o o g # # < # g @
@@ dbhdh dhekdh dh dbdh &b db dhdb @ %%#@ < @ Sy & dh &b db db dr dh dh db &
) ¢ o o Sohdhdy dhdh db dh dh dh dbdh db db
< ﬁ X Zl % 9 db db dhdbdh  dp dbdh dbdh dhdb
dhdk ghda 4 dbdh dbdbdh db dbdh  dhdh  dhebdbdh
& < o 5 & y dh dhdhdhdhdhdh dhdb dh dh db dhdb b
L . s, W, S-S i ’ fodadbdhdhdh dbdhdhds dhdbdh  dbdbdhdbdbdhdidh
dbdh  dbdbdbdh  dhdbdbdbdbdkdbdh  dbll dhdbebdh  dhdbdbdh  dhchdbdbdh  dhdhdbdbdbdhdbdbdbdbdbdh  dhdhdhdbdbdbdbdbdh oL S SHEL SLbE Fo b bd SEEd ShHE b

dadhdhdhdhdhdhdhdhdbdh  dbdhdhdbdbdhdbdhdhdbdhchdhdhdhdhdhdhdbdhdhdhdhdhdhdhdhdh  dhdhdhdhdhdhdhdhdhdl  dhdbdh  dbdhdhdbdhdhdbdhdhdbdhchdhdhdhdhdhdhdhdhdhdhdhdhdhdhdhdhdhdbdhdhdhdhdhdl  dh

9PEPEPYP  GPAPEPERARERER PR EREpEPOPOPOEaD  GRERERgREREa QR gpERNPaRERaRaRERgRgE  GRapapap #}‘{P{P%}%}’E}’#}'E’\}*{bﬁ}t{}’ﬂ JE(}u}—'ﬁ]JE{F'{ﬁ qPeR  qpepopgp  gpgpon {H}E{F{P{ﬂ G
qPSPAPRPRPIPSPAPER  QPRPRPERERRRaRaRRRPEARERRPERaR ==<P<J=E3E{HP“%Pﬁ#%ﬁ‘n}‘{:*##}'##%ﬁqﬁ##%ﬁ#%# 9PAPSARFRPSRPRRSR  qPRPRAREQPEARRgPRRIgPaPEaGRgRER  qPapgRgD

AP AP AP AP aPaRaR AR AR AR aRaR it e e e K o P qR RSP P PR R AR R PR R R qp EREp AR R aE QP gAqR R ERaRap QR gRgaERqR AR qpgpqRERgpapapap R g gD
PP APARIP PP IR aP AR IR <P ‘{r P @ fPAPARAPIRAFPAPSR  qPARqpEpepapep  gpepgEap gk pepEpEpEaapIpapgRARgp g pap R R apapap
%P#%P####P###%P###P Lk ﬁi} ChLELhLE) 9P apPapan oy qp P ap AP APAPAPAPAPAPAPAPIRAF APAP QP APAF P SRR AR EPAPqp QP qPaRERqp pqPeRgp {5}'4}' qPepap

P gPepopEpapapERaD {#{bﬂi}:#{:i}{b{:ﬁ} GReFaPERRRERERER R AR qpEa AP REpapaRERgRERgRgagpapapapap
qPerepeRepapeRerapeRgpapepapepapgeqpchapgppapepgagppep GPaPHPePapePgp  gpepgpopepgpopaper  gpepgpcpap  gagp  gagpgpgpopopeagpap
PR PSR R AP PP AP AR AP Ep qpEpEppap g apepapqpEpgR R g o gPepap  qpRRRR  qpEpgppEpepopEpopapepaRpEpER T
JrerapepapapaparapehappgpgpEpEh g gpehapapepapgpdhghgagh SreRapapapepepepepergpdhghapapaRapehapgppapapaagphdaeppapapapaapap

PP PP R PP PR PR P PP PR AR (PR P AR AR g (P AR R e R gp i papqpapgpapgR QPP F PR aP AR PP AP AR AR AR PR PP apep R dPePPHPaR PR
ﬁp%#%\?%%%ﬂx}%#%%ﬁ SPRPeP  qPPERqPePERqpaPEpgpapERgRqpap Ckﬁ}'#}'d}’#}j}] PaPHPRaPePepaRPEaqpaREppapaRgpan  qpapapgpqpan o

el et b e e ol ol e st el et b ot e ol fh el el bt b dh b dh Db dh it bbb dhdhdhdhdhdh g s

dads  dhdbdhdhdbdbdbdbdhdbddhchdbdh dbdh  didhebdidhdn dhdhehdhdhdhdhdhdhdhdbddh b ‘1}EC‘PR‘}R’]J{7:=‘.}%Cﬁfi}'#{h{?#~=%4}-'=}'<}=’1‘]={=%4}5=={‘F{meﬁ}'ﬂ:¥=$#==#ﬁ#{b#{1##%<}{h%%###
PP ARapappapanapapapdrarapaparapapapap R apap dpapapapap agp e p P apaap Jpepapapaghp qp e qRgE qpap g aRap gy fpapapap g qp gpy fpEagR g fp AR gR ap fp Ry gp g papap R R qR ap ap A g ap P ap AR R
P qPePRPaPaPNPHPERERaRaR R Cp R aR R ap g g AR R EpapaR R g R0 gp R aR g QR g gp R ERap QPR ER aRERaR QPR ER AR AR R gp g PR P ER g QPR AR Eagp g qpp g gpEpERap R EpEpgEaRaRaRapapgpEpapaEpapgpgegRERaD

e
qP AP PR PR PP PP PR P AR PR A AP AP R AR R ER R P Ep AP §a gp AR e R AP R E R g R R R g R P AP P R AP AR R PR R AR gP P AP AP AR AF AR AR R R AR g g R g QP EA AR AR R AR AR g R AR gp P AP AP APPSR PR AR AR gRqpEpapapapaR
AP 9P 9P AP AP AP 9P G P 9P 9P 9P 9P OF AP OP P AP AP G 9P 57 6P AP §P 9P P 9P AP AP 5P AP AP 6P 9P 9P 9P 9P AP 9P AP AP AP AP 9P 9P 9P 9P S 9P 9P 9P P AP AP AP SR AP P 5P 9P AP 9P OF AP 9P AP AP SP AP AP 9P 5P 9P 9P 9P AP AP AP AP 9P AP AP 9P 9P 9P 9P 9P 9P 9P AP AP AR AP 5P AP

e
&>

3
f[\I:ILVCGj
gi
j}k‘:&j
e i
a7
N

&
&
&
#q}:’
#E%
bl
LT

&
Y b
qr n 97

$EHLE

T
L
T
o
"{‘F
9p
Es
T
TP
L
T
T
L
i
T
o
T
td
o

ES

f(}ﬂiih
ap
Lar
&b

ﬁqp

% dh

i

P T 0

z

BT dh

ANy
o

an

¢$¢

T

&

&

&L

&

i

&L

9r 7 9P
LS g
b
a°
&b
L
&
&
&L
&b
o
&
o
ap
o

o
&
b
&L
o
&
oL
oL
&b
db
P
&b
&b
L

%
L
i
ar

L

ﬁ
e,
&
DL
XL
o
g
o
&
&
&L
o
s
i#
o
Tdh
&
&
&
&
o
o
&
&L

op
<h
9p
&
dp
dh
&
by
dh

b
&>
>
&
<
&
&>
&
<
&>
&>
%
&
%
it
&
&
&
&>
&>
p
a5

oy
P
P
P



© Contents

For this exercise, you will implement (FVM approximations to) the three most basic
differential operators using dusk & dawn

You will use basic dawn concepts, especially the reduction primitive
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© The Gradient

e The Gradient is an operator in a scalar field f that returns a vector Vf
e It points into the direction of the steepest slope of the scalar field, and its magnitude is a

measure on how steep that slope is

e On a (triangular) FVM mesh, the Gradient can be approximated using:

(VP pyag = 7 DS

° Note that this equation only holds if the normals n,

b

point ong|de the triangle with-centroid P
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© A Note on Geometrical Factors

e The equation for the gradient on the last slide holds only if all normals point outside
e However, one clearly can't arrange a mesh such that all normals point outside

AVAVAN

To check, for each normal, in which side it points during the computation of the gradient is not efficient

(involves the evaluation of a dot product)
For this exercise, geometric factors (edge orientation) have been prepared for you to ensure just that.

& You do not need to wonder about their location type or how they work exactly, just be aware that you need -
¢ < to multiply by the edge orientation every time you access a normal! (e. g. nx edge orientation) ¢
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© The Divergence

e The Divergence is an operator on a vector field v = [u, v] that returns a scalar V =v
e The scalar indicates the intensity of the source (extension / contraction) of a vector field (e.g.
the divergence of heating, and hence expanding, air would be positive)

(V-v(P))pya = Aip Z (Ve ne) Le

° Note that this equation only holds if the normals

tpom@ut&de*the triangle, wtth centr0|d P Z
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© The Curl

(V5 VN g = —— 3 (- v,)
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The Curl is an operator on a vector field v = [u, v, w] that returns a vector Vxv
Strictly speaking, the curl is only defined in a 3d field, but emulating it in 2D using v = [u, v, 0]
will reveal that only ever the third component of Vxv takes a value (other than zero).

So for our intents and purposes, the curl is scalar (1) and is a measure for the rotation of the
vector field v

e=1

Note that this equation only holds if the normals n_
form a left handed coordinate system with L & v
vectors e, (i.e. unit vectors along the edges) and 5 5 % & & so o T
a vector z pointing into the plane 2% Te% 2o “Tehd e Yoo ©
T pd & & & A TE S B d
s B8 hdEs e sod o8 624 6 B Be & o Dads 63 boss & B Hod 2 2 2e%2% % % 4 Vs



© EXxercise

e The exercise consists of implementing these three differential operators
e The function for the gradient is this wave function:
Function:

f(x,y) = sin(x)cos(x)

Gradient: Vf(.fl?, y) — COS(Q?) Sln(y)
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© EXxercise

e The exercise consists of implementing these three differential operators
e The vector field for the divergence and curl are the spherical harmonics:

1 /105 9 .
_ u(z,y) == - cos 2x cos“y siny
Field: 4V 27
1 /15 :
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© Variable Reference

An overview over all variables is given below. The ones in bold are the ones you're supposed to be
writing to. The others can be treated as read only.

f: Field[Edge]

f x: Field[Cell], £ _y: Field[Cell]
nx: Field[Edge], ny: Field[Edge]
L: Field[Edge]

A: Field[Cell]
edge orientation: Field[Cell > Edge]

u: Field[Edge], v:

uv_div: Field[Cell]

Field[Edge]

duall: Field[Edge]
dualA: Field[Vertex]
[N 3 a4

Field[Vertex]

uv curl:
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wave function on edges

gradient of wave function on cells

cell normals on edges
edge lengths
cell areas

(x and y component)

sparse dimension that indicates which normals need
(+1/-1)

to be flipped for gradient / div computation

vector field / spherical harmonics on edges

divergence of vector field /spherical harmonics on

cells
dual edge length Le (c.f. slide 8)
dual cell area AN (c.f. slide 8)
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© Hints
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divergence and gradient operate on the same neighbor chain
the computations are all quite short

— do not overthink things

— all three operators can be expressed in one or two lines



© Appendix

» The following slides give a short preview / basic explanation on sparse dimensions

* You don't need to consider them for this exercise, and sparse dimensions will be explained
again later on in more detail

« Still, if you're interested and have time to spare for this exercise session, feel free to study
them at your leisure
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© A Note on Geometrical Factors

The equation for the gradient on the last slide holds only if all normals point outside
However, one clearly can't arrange a mesh such that all normals point outside

AVAVAN

To check, for each normal, in which side it points during the computation of the gradient is not efficient
(involves the evaluation of a dot product)

Usually, this is solved by pre-computing a geometrical factor. In this case three signs for each triangle, that

indicate whether the normal is flipped during the sumrpatlon v ) s v g
This is a prime example of a sparse fleldm S & :
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© A Note on Geometrical Factors

The equation for the gradient on the last slide holds only if all normals point outside
However, one clearly can't arrange a mesh such that all normals point outside

AVAVAN

edge_orientation(cell_a,:) =[1, 1, 1]

To check, for each normal, in which side it points during the computation of the gradient is not efficient

(involves the evaluation of a dot product)

Usually, this is solved by pre-computing a geometrical factor. In this case three signs for each triangle, that
" indicate whether the normal is flipped during the summatlon c s v g
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© A Note on Geometrical Factors

The equation for the gradient on the last slide holds only if all normals point outside
However, one clearly can't arrange a mesh such that all normals point outside

edge_orientation(cell_b,:) = [-1, 1, 1] W

e To check, for each normal, in which side it points during the computation of the gradient is not efficient
(involves the evaluation of a dot product)
e Usually, this is solved by pre-computing a geometrical factor. In this case three signs for each triangle, that
+ indicate whether the normal is flipped during the summatlon c s v g
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